The Pulse Intensity-Duration Conjecture: Evidence from Free-Electron Lasers 



T. SeggebrockQ I. Dornmair, and T. Tajima 

Ludwig-Maximilians-Universttat, 85748 Garchmg, Germany 

G. Mourou 

Institut Lumiere Extreme, 91761 Palaiseau, France 



(N 

o 

(N 
W> 

< 

m 

en 
6 

o 
o 

>> 
^: 

Or 



o 

q; 

o: 

(N- 



X: 



F. Griiner 

Universitat Hamburg, 22607 Hamburg, Germany 
(Dated: August 6, 2012) 

The recent remark by G. Mourou and T. Tajima (Science 331, 41 (2011)) on the intensity of the 
driver laser pulse and the duration of the created pulse that higher driver beam intensities are needed 
to reach shorter pulses of radiation remains a conjecture without clear theoretical reasoning so far. 
Here we offer its extension to the case of relativistic electron bunches as the laser's radiating medium 
(free-electron laser). This also bolsters the understanding of the underlying physical principle of the 
Conjecture. 



I. INTRODUCTION 

In the past few years the interest in high field sci- 
ence and the characterization of ultrafast processes has 
become intense and their relationship has begun to be 
studied. G. Mourou and T. Tajima [l| recently suc- 
ceeded in relating ultrafast science to high field sci- 
ence through a specific relationship. From many experi- 
ments and realizations of lasers and laser-driven radiation 
sources a pulse intensity-duration Conjecture emerged 
when the optimal (i.e., shortest) possible data envelopes 
were taken. It shows an inverse linear dependence of the 
pulse duration of radiation on the intensity of the driving 
laser that produces the pulse, covering 15 orders of mag- 
nitude. This Conjecture may be stated as: "To decrease 
the achievable pulse duration, we must first increase the 
intensity of the driving laser." This is not the same as 
the converse trivial statement "to increase the achiev- 
able peak intensity of a pulse for a given energy, we must 
shorten pulse duration." Q. 

This Conjecture is based on the observation of proper- 
ties of different existing laser facilities and experiments 
ranging from the first laser developed by T. Maiman Q to 
High Harmonic Generation (HHG) from gas Q and HHG 
from solids [||. Due to the different underlying physical 
regimes no analytical model has been provided to explain 
this Conjecture. The concept, however, may be under- 
stood as "matter exhibits nonlinearities when exposed to 
strong enough laser radiation; manifestly nonlinearities 
vary depending on the strength of the "bending" field 
(and thus the intensity). The stronger we "bend" the 
constituent matter, the more rigid the "bending" force 
we need to exert; the more rigid the force is, the higher 
the restoring frequency (or the shorter the time scale) 
is." [J. 

However, in their Conjecture no theoretical reasoning 



' thorben.seggebrock@physik.uni-muenchen.de 



is attached beyond this and it remains an empirical con- 
jecture. We wish to see if this Conjecture has a more 
solid theoretical reason behind it. Furthermore, though 
the Conjecture was applied only to solid-state lasers (and 
their applications), it is curious to see if this also applies 
to other types of lasers. 

In this paper we investigate (1) if a Free-Electron Laser 
(FEL) has this scaling and (2) if we can add a more solid 
reasoning to the Conjecture using the ID theory of FELs. 

The physics of FELs provides a unique opportunity 
to test if this Conjecture is in fact applicable to lasers 
not based on solid state materials and operating in quite 
different fashions from solid state lasers. The Conjecture 
was derived from various materials, the laser media them- 
selves, gas targets, solid state targets, etc. On the other 
hand, FELs provide one specific but completely different 
material (relativistic electrons in magnetic undulators) 
that can vary over a wide range of parameters. This al- 
lows us to use a single analytical model that governs the 
driver intensity and the duration of the pulse in order to 
discuss the Conjecture. 



II. TEST OF THE PULSE 
INTENSITY-DURATION CONJECTURE 

The Conjecture shows an inverse linear relationship be- 
tween the intensity of the driver and the resulting pulse 
duration if one compares systems optimized for short 
pulse durations. The lasers investigated in ref. [l[ were 
all driven by solid-state lasers. We now wish to consider 
lasers whose emission mechanism is based on relativis- 
tic electron bunches as the radiating medium. In other 
words we will examine if the stiffness of the relativistic 
electron bunch contributes to the even shorter pulse du- 
ration of this type of laser. 

When studying this relationship in the case of an FEL, 
one has to be careful to clearly distinguish between the 
different contributing effects and parameters. In the case 
of typical lasers, like the Ti: sapphire laser, one has the 
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internal peak intensity in the gain medium on the one 
hand, and the duration of the resulting laser pulse on 
the other hand. In the case of High Harmonic Genera- 
tion one uses the laser intensity impinging on the surface 
and the duration of the resulting radiation pulse emit- 
ted by the medium. Despite these differences, all these 
cases have one thing in common: one can clearly dis- 
tinguish between the intensity of the driving pulse and 
the medium creating the final radiation pulse, which is 
the dictated condition for checking the Conjecture. In 
the case of a self amplification of spontaneous emission 
(SASE) FEL, the situation is not identical to the one 
above. A SASE FEL is driven by the intensity of the 
electron beam propagating through the undulator, since 
it is the electron beam that creates the initial radiation 
pulse. At the same time this very electron beam acts 
as the medium amplifying the radiation pulse which co- 
propagates within it. So, when discussing the Conjecture 
in the context of an FEL, one has to be careful since by 
changing the intensity of the electron beam, one might 
also influence the medium. 

The driver intensity in the case of an FEL can be dis- 
cussed in terms of the electron beam intensity given by 
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Here we use the electron beam power Pbeam, the electron 
mass m e , the speed of light c, the normalized energy 7, 
the current /, and the beam radius oy . This leads to three 
dependencies when one wants to discuss influences of the 
driver intensity: first, the normalized energy; second, the 
current; and third, the beam size. 

Increasing the electron energy has two effects. First, 
the driving intensity is increased, second, the electron 
beam gets more rigid and results in a harder-to-bend 
medium. This should lead to shorter pulses of radiation 
according to the Conjecture. This is closely related to 
the cases discussed in the Conjecture, where one had to 
increase the driver intensity in order to excite higher or- 
der nonlinearities, resulting in shorter pulses. Changing 
the current or the cross section of the beam, on the other 
hand, does not directly scale the "spring constant" of the 
medium and one can, therefore, not expect a scaling in 
line with the Conjecture. 

On the other hand, a typical measure for the pulse du- 
ration is given by the Fourier limit, i.e. the inverse band- 
width. Although concepts to further reduce the pulse 
duration in the case of FELs, e.g. by using an energy 
chirped electron bunch as shown by Saldin et al. [|[ exist, 
we do not discuss such scenarios here, since they are not 
related to the direct scaling discussed in the Conjecture. 
The duration, i.e. the inverse bandwidth or coherence 
time, of a single radiation spike is given by @ 
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using the FEL SASE-bandwidth a u 
defined by Q 



The bandwidth is 
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with p being the Pierce-parameter [8|, k u = 2n/X u 
the undulator wavenumber of an undulator with period 
length X u , z the longitudinal position inside the undula- 
tor, and loi the resonant frequency. 

To minimize the free parameters, we limit our discus- 
sion to an FEL operating at the beginning of saturation 
and replace the longitudinal position with the saturation 
length approximately given by @ 
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resulting in the relation 
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Insertion of the Pierce-parameter and the resonant fre- 
quency into eq. © leads to 
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with the Alfven current I a = 17 kA, K the undulator 
parameter, the Bessel function dependent factor JJ = 
Jo(C) ^ Ji(C) with ( = K 2 /{4 + 2K 2 ), and the electron 
rms beam size ay. 

As a start we restrict our discussion to the matched 
beam size of the undulator. This minimizes the number 
of free parameters, since it only depends on the focusing 
properties of the undulator and requires no external fo- 
cusing system. Therefore, it can be seen as the "natural" 
beam size of the setup. By depending only on the setup 
and not on the electron energy it is especially suited for 
the discussion of the Conjecture, as it will not change 
when varying the driver intensity. Other choices of the 
beam size indeed depend on the electron energy and are 
discussed in the next section. The matched beam size of 
a twofold focusing undulator is given by 10] 
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with the normalized rms emittance e n . Using this and 
the expression for the bandwidth above, this results in a 
pulse duration of 
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Figure 1. (a) Comparison of the Conjecture found by G. 
Mourou and T. Tajima (solid black line), the here derived 
dependence of the coherence time on the beam intensity for 
a fixed current (dashed green line) and a fixed energy (dash- 
dotted red line), and the data points of LCLS (red circle), 
FLASH (green circle) and the X-FEL (black circle). 

Here the general relationship that the pulse duration 
drops with increasing electron energy and current, which 
are directly proportional to the electron beam intensity, 
can already be seen. We find here a first hint that an 
FEL shows a scaling supporting the Conjecture. 

The Conjecture expects that only when optimized se- 
tups are achieved then the shortest duration of radiation 
emerges. Thus, we keep the setup parameters K and 
X u as well as the normalized emittance e ra fixed and as- 
sume them to be optimized for a short pulse length. This 
leads us to the only free parameters: the current I and 
the normalized electron energy 7. 

Using these arguments, the coherence time of the cre- 
ated photon pulse is related to the electron beam inten- 
sity as 

(10) 

when only varying the energy for a fixed current. On the 
other hand, another dependence emerges 

rocJ-V3ocJ-l 3 , (11) 

for a fixed normalized energy and variation of the current. 

Fig. Q] shows the comparison of the Conjecture found 
by G. Mourou and T. Tajima, and the derived dependen- 
cies of the coherence time on the beam intensity. In the 
case of the fixed current the dependence is inverse linear 
as in the Conjecture. This may be understood as follows: 
assumption of a fixed current represents the situation of 
a medium that gets harder to bend due to the increasing 
energy, and results in shorter pulses. Now we see, the 
Conjecture emerges when we have related the pulse du- 
ration and its functional dependence to the energy of the 



electron beam (i.e., the 7 factor), as the latter implies 
the stiffness of the medium. The slope of the red line 
in Fig. [TJ i.e. the case of a fixed energy and variation of 
the current, can be related to a simultaneous change of 
the density of the medium and the driver intensity due to 
the increasing current (and particle number in the beam) 
resulting in a different scaling. This is reasonable, as the 
"spring constant" in this case is not directly scaled. This 
leads to the conclusion that the scaling of the Conjecture 
is indeed due to the rigidity of the pulse-generating mat- 
ter, and that high driver intensities are needed to either; 
reach these rigidities, as in the case of an FEL, or to ex- 
cite more rigid non-linearities, as in the cases discussed 
in the original Conjecture. 

Besides the different scaling, both cases support the 
Conjecture, since they lead to the same result: to re- 
duce the pulse duration, one has to increase the driver 
intensity. 



III. ROLE OF OPTIMIZATION 

An interesting result of the Conjecture is the prod- 
uct of pulse duration and intensity, the coefficient of the 
graph. It is the constant of the Conjecture, with a value 
of 1 J cm -2 . We can study this in the case of a fixed cur- 
rent, resulting in a product of coherence time and beam 
intensity of 
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Using the parameters I — 1 kA, X u — 1 cm, K — 1, and 
e n = 1 mmmrad, which are reasonable for current FELs, 
the product equals approximately 22.5 Jem -2 . Lower 
values of the product are regarded more favorable (or 
more efficient), since in that case lower beam intensities 
are needed to reach shorter pulses. In the case of an 
FEL the product may easily range from 1 J cm~ 2 to 100 
J cm -2 by adjusting the setup parameters. The fractional 
power dependence of the product on the current is mainly 
due to the beam intensity, the scaling with the other 
parameters like X Ul K, and e„ are more complex and are 
a result of the competing effects between the coherence 
time and the beam intensity. 

Note that often in real FEL facilities the beam size 
might not be optimized for a short coherence time, but 
for maximum gain. Therefore, external focusing optics 
are used to focus the beam to values below the matched 
beam size. These cases should not line up to the line 
suggested by the Conjecture, since it governs only the 
shortest possible pulse duration for a given driver inten- 
sity. For the sake of completeness we discuss some other 
scalings, although they do not cover all the optimizations 
in current FEL facilities. The beam spot size in t he case 
of an external focusing system is given by oy — y / pe n Jj, 
with ft being the beta function of the focusing system, 
resulting in a different dependence of the coherence time 
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Figure 2. (a) Dependence of the coherence time on the beam 
intensity for a nonmatched beam with constant beta function 
(dashed green line) in comparison to the Conjecture (solid 
black line). 

(b) Coherence times for different beam intensities according 
to Eq. [5] (blue crosses), and according to Eqs. |3] and [S] calcu- 
lated using the fitting formula of M. Xie [ll[| taking degrad- 
ing effects into account (red circles). The following param- 
eters were varied: 7 = 10 1 -> 10 12 , X u = 10~ 3 ->■ 10° m, 
K = 1CT 2 10 1 and I = 10 2 10 6 A. The emittance was 
set to e n — 10 -6 mrad. The black line is again the Conjecture 
as a reference. 
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Here we again assumed a constant current. In an FEL 
optimized for short gain length the ideal f3 opt oc j 2 [HI 
would lead to a more complex dependence. However, this 
case is not suited for our discussion. This is because on 
the one hand, this optimization is only valid for a very 
small parameter range, limited by the ratio between elec- 



tron beam emittance and radiation wavelength; and on 
the other hand, the optimization for a short gain length 
is not part of the scaling discussed in the Conjecture. 
The resulting scaling for a fixed (3 is shown in Fig. HJa) . 
This shows that using an arbitrary beta function in the 
focusing system is not ideal when aiming for shorter co- 
herence times. The matching of the beam size (Eq. ©) 
optimizes the pulse length, as can be seen in Eqs. © and 
(fTOl) . This is again another manifestation of the Con- 
jecture property. That is, the Conjecture observes that 
only after optimizations in the laser experiments for the 
shortest possible pulses, the inverse linear dependence 
emerges. This feature is also seen in Fig. [2jb), where a 
wide parameter range has been scanned using the derived 
formulas. The blue domain shows the results according 
to the ID theory while the red domain takes degrading 
effects into account by using the fitting formula of M. Xie 
[rH ]. The parameter scan shows that the upper envelope 
of the blue domain is represented by the Conjecture line 
and only degrading effects cause a deviation. However, if 
we optimize for the efficiency of lasing instead of the pulse 
shortness, the scaling line nearly goes to the envelope of 
the bottom of the blue region in Fig. [UJb). 



IV. LIMITATIONS 

Real FEL facilities are limited in increasing the elec- 
tron energy due to two effects degrading the FEL perfor- 
mance, quantum diffusion and an additional quasi energy 
spread due to the emittance of the electron beam. For 
higher electron energies and therefore higher photon en- 
ergies the number of emitted photons drops and results 
in a random emission process not following the classi- 
cal description called quantum diffusion. The resulting 
increase of energy spread is given by [l3| 
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with the classical electron radius r e , the reduced compton 
wavelength A c and the function 



F(K) = 1.2K 



1 



1 + IMK + 0A0K 2 ' 



(15) 



This increase of energy spread leads to a violation of 
the requirement 0^/7 < p when increasing the electron 
energy. However, this can be counteracted by reducing 
the gain length, e.g. by using higher currents, and con- 
sequently pushing the point of violation towards higher 
beam intensities, widening the region of applicability of 
the ideal ID theory. 

The beam emittance can be treated as the source of an 
additional longitudinal energy spread due to the trans- 
verse motion of the electrons. Requiring tr 7 /7 < p results 
in the omittance limit II Oil 
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For the matched beam size this limit drops as I/7. Even 
state-of-the-art accelerators can already reach a normal- 
ized emittance on the order of 1CP 8 mrad, allowing for 
the use of the ID model over several orders of magnitude 
in beam intensity. 

V. CONCLUSION 

Using the ID FEL theory, we have found the inverse 
linear relation emerges between the coherence time of an 
FEL pulse and the electron beam intensity upon the op- 
timization for the shortest possible pulse duration. This 
in fact agrees with the pulse intensity-duration Conjec- 
ture found by G. Mourou and T. Tajima. In the case of 
a fixed current and a variable energy the dependence is 
the same inverse linear dependence as in the Conjecture. 
This result allows for the expansion of the Conjecture 
from the original form applied to solid state lasers to 
the completely different regime of Free-Electron Lasers. 
While the lasers discussed in the Conjecture are based 
on nonrelativistic drivers interacting with nonrelativistic 
as well as relativistic materials, the FEL is highly rel- 
ativistic with still the same r-Jboam dependence. This 
implies that the underlying physics behind the Conjec- 
ture is neither dependent on specific material properties, 
nor the distinction between nonrelativistic or relativistic 
dynamics; but rather it is derived from the rigidity of the 
radiating material in general and the required intensity 
of its driver. 

In a more general view, FELs can be regarded as gener- 
ators of radiation with arbitrary wavelengths, especially 
wavelengths much shorter than the generating medium 
itself, which is possible only via self-modulation of this 
medium. In order to reach shorter and shorter wave- 
lengths (and thus shorter pulse durations), the relativis- 
tic gamma factor must be increased. The corresponding 
increase of the electron mass reduces the coupling be- 
tween the medium and the self- amplified radiation. This 
in turn is compensated by an increase of the interac- 
tion time between the medium and the radiation field 
needed to reach saturation, hence the amount of energy 



transferred from the medium to the field is independent 
of gamma. This is the reason why the FEL-gain band- 
width increases with gamma, and thus, the FEL-relation 
between electron beam intensity and resulting pulse du- 
ration follows the Conjecture. Only degrading effects as 
mentioned above cause a deviation from that. 

The conclusion we find here on the T-/beam dependence 
is the same as in the case of the Conjecture as originally 
claimed in [lj - to create shorter pulses, more intense 
beams are needed. This paper can, therefore, be taken 
as an extension and proof of the Conjecture found by G. 
Mourou and T. Tajima for relativistic electron bunches as 
the radiation source. An effort to reach for the Schwinger 
intensity [3, EH already hints that this Conjecture ex- 
tends far into the higher intensities. At the same time, 
spurred by this Conjecture more novel approaches for the 
detection of even less than attosecond pulses are begin- 
ning [HI ]. These are examples of the useful and guiding 
role this Conjecture is playing for the future. 

The underlying mechanism is identified as the rigidity 
of the radiating medium. This finding leads us to further 
contemplate a potential extension of the Conjecture. Can 
it be the case that apart from the shortening of photon 
pulses, in order to shorten the bunch of charged particles, 
we have to increase the intensity of the bunch? Clearly, 
the inverse is already true, but the above is not trivial 
and never mentioned. It is encouraging from our present 
investigation to see if the Conjecture extends beyond the 
realm of lasers in general to even charged particle beams. 
Though we leave detailed investigation of this question 
for the future, we see at least a trend toward what the 
extended Conjecture to charged particle beams could im- 
ply- 
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